Injective and projective Banach modules  by Graven, A.W.M.
MATHEMATICS
Injective and Projective Banach Modules
by A. W. M. Graven
Mathematiseh Instituut, Katholieke Universiteit, Toernooiveld, Nijmegen
Communicated by Prof. H. Freudenthal at the meeting of October 28, 1978
ABSTRACT
In this paper we extend Semadeni's definition [8] of a free, a projective and of an
injective Banach space to the case of Banach modules. As in the algebraic case a
projective module is a generalization of a free module, and its dual is an injective
module, that means, has the "extension property". Free, projective and injective
Banach modules are studied following a line which has some resemblances with
Northcott's procedure in [5]. In this connection see also Rodriguez [7]. It is shown
that every module is a quotient of a projective module and every module can be
embedded in a "unique smallest" injective module, which is called an injective en-
velope (Th. 2.17, Th. 3.18). The last section is devoted to L 1(G)-modules.
1. INTRODUCTION
Let A be a Banach algebra. By a left (right) A-module we mean [6]
a Banach space, V, which is a left (right) A-module in the algebraic
sense, and for which
Ilavll <: Ilallllvll for all a E A, v E V.
If the Banach algebra has an identity element e, we require that Ilell = 1.
If V and Ware A-modules, then Hom, (V, W) will denote the Banach
space of all continuous A-module homomorphisms from V to W, with
the operator norm. The elements of Hom, (V, W) are called A-multipliers
(or multipliers) from V to W. An A-isomorphism from V to W is an
isometric A-multiplier from V onto W. The A-modules V and Ware
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A-isomorphic (denoted by V ~ W) if there is an A-isomorphism from
V to W. An A-multiplier S from V to W is called an A-supermorphism
if IISII < 1 and for every w E W there exists v E V such that Sv = wand
Ilvll=lIwll·
If V is a left (right) A-module, then V*, the dual of V, is a right (left)
A-module under the adjoint action of A.
{v E V: av = 0 for all a E A} is a submodule of V, which we call the
order submodule, Yo, of V. We call V order-tree if Vo= {O}. We call V
a trivial A-module if Vo= V. It follows from the Hahn-Banach Theorem
that the submodule {v E V: k(v)=O for all k E (V*)o} is equal to the closed
linear subspace of V, of all elements of the form av, where a E A, v E V.
This we call the essential submodule, Ve, of V. V is said to be an essential
A-module if Ve = V.
Let V and W be A-modules. Let V ®W denote the topological tensor
product of V and W as Banach spaces (i.e. the completion of the algebraic
tensor product with the greatest cross-norm), and let () be the associated
bounded bilinear function of V x W into V ®W. Let K be the closed
linear subspace of V ®W, which is spanned by all the elements of the
form
av()w-v()aw, a E A, v E V, WE W.
Then the A-module tensor product, V 0A W, is defined to be the quotient
Banach space (V ®W)/K. Using the universal property ofthe topological
tensor product with respect to bounded bilinear maps from V x W, it is
easily seen that V 0A W has the expected universal property with respect
to bounded bilinear maps ep from V x W, such that ep(av, w) = ep(v, aw),
for all a E A, v E V, WE W. Given v E V, WE W we will, of course, write
v ® w for v()w+K.
Using the universal property just mentioned, it is easy to prove, that
there is a natural isometric isomorphism
(1.1) RomA (V, W*) ~ (V ®A W)*,
under which the linear functional t on V 0A W corresponds to the operator
T E Hom, (V, W*) such that (Tv)(w)=t(v ® w), for all v E V, WE W. It
also follows from the universal property that for A-modules V, V', W
and W' and multipliers S E Hom, (V, V') and T E Hom, (W, W'), there
exists a unique continuous linear map, S ® T, from V ®A W to V' ®A W'
such that
(S ® T)(v 0 w)=Sv ® Tw, for all v E V, WE W.
Furthermore, liS 0 Til" IISIlIITII·
If (Vj)J is a family of Banach spaces (where J is an arbitrary indexing
set), then the direct product of (Vj)J' IT Vi> is the Banach space of all
functions I from J to U Vj, which assign to each j E J an element 11 E Vi>
such that 11/11 = sup {1I1111: j E J} is finite.
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The direct sum of (Vj)J. EEl Vj, is the Banach space of all functions g
from J to U Vi> which assign to each j E J an element gj E Vi> such that
IIgil = ! {IIgjll: j E J} is finite. If each Vj is a left A-module, then II Vj
and EEl Vj become a left A-module in the obvious way. The same for
right A-modules. With the usual coordinate projections and embeddings,
II Vj and EEl Vj are the direct product and direct sum, respectively, in
the category of Banach A-modules and A-multipliers of norm less than
or equal to 1.
If (Vj)J is a family of A-modules, then we have a natural A-isomorphism
(1.2) (Ef) V j ) * ~ II (Vj )*.
We can view a Banach algebra A as a left A-module and as a right A-
module. Let Au be the Banach algebra with unit of all pairs (a, lX) with
aE A, lX EQ and with the norm II(a, lX)ll= IIall+ 1£Xi. A can be embedded
in Au in the usual way. We can view Au as a left Au-module and as a
right Au-module, and by restriction as a left A-module and as a right
A-module. Let G be a locally compact group. Let Lp(G), 1<.p <.00, denote
the usual Lebesgue spaces. Then L1(G) is a Banach algebra under con-
volution, and Lp(G) becomes a left L1(G)-module when elements of L1(G)
act on elements of Lp(G) by convolution on the left. The Banach space,
M(G), of bounded, countably additive regular measures on G is also an
L1(G)-module under convolution. Oo(G) and Oru(G) denote the submodules
of Loo(G) of continuous functions which vanish at infinity and of the right
uniformly continuous bounded functions, respectively. The natural
embedding of L1(G) in M(G) is an isometric L1(G)-multiplier. Lp(G),
1<P < 00, Oo(G) and Oru(G) are essential L1(G)-modules. The essential
submodule of Loo(G) is Oru(G) and the essential sub module of M(G) is
L1(G).
2. FREE AND PROJECTIVE BANACH MODULES
2.1 DEFINITION. Let A be a Banach algebra, let V be an A-module
and let J be some set. L(J, V) will denote the direct sum, Ef) Vi> of (Vj)J
where Vj= V for all j E J.
2.2 DEFINITION. Let A be a Banach algebra with identity element.
An A-module V is said to be free if there exists a set J such that V is
A-isomorphic to L(J, A).
Obviously, A is a free A-module and every free A-module is essential.
2.3 THEOREM. Let A be a Banach algebra with identity element. For
every essential A-module V there exist a free A-module Wand an A-
supermorphism from W to V.
Hence every essential A-module is A-isomorphic to a quotient of a free
A-module.
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PROOF. Let V be an essential A-module. Let J = {v E V: IIvll = I}. Then
the map f --+ ~> f(v)v is an A-supermorphism from L(J, A) to V.
2.4 DEFINITION. Let A be a Banach algebra. A left (right) A-module
V is said to be A-projective if for any left (right) A-module U and W,
for any A-supermorphism S from U to Wand for any A-multiplier T
from V to W, there exists an A-multiplier R from V to U such that
IIRII = IITII and SR= T.
An equivalent formulation is: A left (right) A-module V is said to be
A-projective if for any left (right) A-module U and W, for any A-super-
morphism S from U to Wand for any A-multiplier T from V to W,
IITII <:1, there exists an A-multiplier R from V to U, IIRII <:1, such that
SR= T which means that the diagram
is commutative.
2.5 THEOREM. Let A be a Banach algebra with identity element. Then
A is A -projective.
PROOF. Let e be the identity element of A. Let U and W be A-modules,
let S be an A-supermorphism from U to Wand let T be an A-multiplier
from A to W. S is an A-supermorphism, so there is u E U such that
S(u)=T(e) and Ilull=IIT(e)ll. Define R from A to U by R(a)=au for all
a E A. Then R is the desired map. Hence A is A-projective.
2.6 DEFINITION. Let A be a Banach algebra and let V and W be left
(right) A-modules. W is a retract of V if there exists an isometric A-
multiplier I from W to V and an A-multiplier P from V to W with
IIPII < 1 and PI =idw, where id w is the identity map of W.
As in the algebraic case and in the Banach space case we have
2.7 THEOREM. Let A be a Banach algebra. Then every retract of an
A-projective module is again A-projective.
PROOF. Let V and W be A-modules, let V be A-projective and let
W be a retract of V. Consider any diagram
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.j,y-w
T
in which 8 is an A-supermorphism and IITII <:1. W is a retract of V, so
there exists an isometric A-multiplier I from W to V and an A-multiplier
P from V to W such that IIPII.;;; 1 and PI =idw. Since V is A-projective,
we can embed the diagram (on the left)
into a commutative diagram (on the right). Then the diagram below is
commutative (and it follows that W is A-projective):
2.8 THEOREM. Let A be a Banach algebra. Let (Vj)J be a family of
A-modules. Then the direct sum, EB Vi> of (Vj)J is A-projective if and
only if each Vj is A-projective.
PROOF. Let Vj be A-projective for all j E J. Consider any diagram
in which 8 is an A -supermorphism and IITII <:1. Let j E J and let Ej be
the embedding from Vj into EB Vj. Since Vj is A-projective we can embed
the diagram (on the left)
into a commutative diagram (on the right).
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By the universal property of the direct sum, there exists a unique
A-multiplier R from EEl VJ to X such that REi=RJ for all j E J .
IIRII = sup, IIRi li < 1.
Then the diagram below is commutative, so EEl Vi is A-projective.
Conversely, since Vi is a retract of EEl Vi, projectivity of EEl Vi implies
that of Vi, for all j E J (Th. 2.7).
By Th. 2.5 and Th. 2.8 we have
2.9 COROLLARY. Let A be a Banach algebra with identity element.
Then every free A-module is A-projective.
2.10 THEOREM. Let A be a Banach algebra and let U and W be left
(right) A-modules. If 8 is an A-supermorphism from U to Wand W is
A-projective, then there exists an isometric A-multiplier 1 from W to
U such that 81 =idw. Then W is a retract of U.
PROOF. Apply Def. 2.4 to T =idw.
By Th. 2.3 and Th. 2.10 we have
2.11 COROLLARY. Let A be a Banach algebra with an identity element.
Then, an essential A-module is A-projective if and only if it is a retract
of a free A-module.
It should be noted that not every A-projective essential module is a
free A -module. Let A =Q x Q with pointwise multiplication and with the
maximum norm. Then A is a Banach algebra with identity element. If
W is the essential A-module Q with the module operation (iX, {J)y = iXy,
(iX, {J) E A, yEW, then W is a retract of A, so W is A-projective. But
W is not a free A-module.
Because of the simplicity of essential modules, in case the Banach
algebra has an identity element, it is convenient to consider another
description of projectivity, involving only essential modules. However
this and the original one turn out to be the same :
2.12 THEOREM. Let A be a Banach algebra with identity element. Let
V be an essential left (right) A-module. Then V is A-projective if and
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only if for any essential left (right) A-module U and W, for any A-super-
morphism S from U to Wand for any A-multiplier T from V to W,
there exists an A-multiplier R from V to U such that IIRII = IITII and
SR=T.
PROOF. Let us prove the non-trivial part. Let U and W be A-modules.
Let S be an A-supermorphism from U to Wand let T be an A-multiplier
from V to W. Ue and We are the essential submodules of U and W,
respectively. Let S1 denote the restriction of S to tr; To show that S1
is an A-supermorphism from U; to We, let WE We. Since S is an A-super-
morphism from U to W, there exists u E U such that S(u) =w and lIuli = IlwlI.
But S(eu) =e(Su) =S(u) =w, where e is the identity element of A. Moreover
IIwll = IIS(eu)lj.;;; Ileull.;;; lIull = Ilwll· By our assumption and by the fact that
Ue and We are essential A-modules there exists an A-multiplier R from
V to Ue such that IIRjl=IITII and S1R=T. Then R is the desired map
from V to U because SR=S1R=T. Hence V is A-projective.
By Semadeni's definition ([8]; 24.6.1) a Banach space V is a projective
object in the category of Banach spaces an linear contractions if and only
if for any Banach space U and W, for any Q-supermorphism S from U
to Wand for any linear contraction T from V to W, there exists a linear
contraction R from V to U such that SR = T.
By taking A =Q in Th. 2.12 we get
2.13 COROLLARY. Let V be an essential Q-module (i.e. V is a Banach
space and the module multiplication is the scalar multiplication). Then
V is Q-projective if and only if V is a projective object in the category
of Banach spaces and linear contractions.
By Semadeni ([8]; 24.1 and 27.4.4) we know that a Banach space V
is a projective object in the category of Banach spaces and linear con-
tractions if and only if V is a free Banach space, that means V = h(S),
for some set S.
2.14 THEOREM. Let A be a Banach algebra and let V be a left (right)
A-module. If V is A-projective then for any right (left) A-module U
and Wand for any isometric A-multiplier 1 from U to W the tensor
product mapping 1 @ idv is an isometry from U @A V to W @A V.
PROOF. First remark that a continuous linear map T is an isometry
if and only if the adjoint map T* is a Q-supermorphism. Let V be A-
projective and let 1 be an isometric A-multiplier from U to W. We have
to prove that (1 @ idv)* is a Q-supermorphism from (W @A V)* to
(U @A V)*. However by relation (1.1) we have to prove that (1 @ id v)*
is a Q-supermorphism from HomA (V, W*) to HomA (V, U*). Let
T E HomA (V, U*). 1* is an A-supermorphism from W* to U*. Hence
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there exists R E Hom, (V, W*) such that IIRII = IITII and 1*R = T, because
V is A-projective. But that means (I ® idv)* is a Q-supermorphism
because (l®idv)*R=T and 11(I@idv)*1I=1I1@idvll< 1.
If a Banach algebra A has an identity element then A is A-projective
(Th. 2.5). However we will show that for non-discrete G, L 1(G) is not
L1(G)-projective (Th. 4.14). But if L 1(G) is not L1(G)-projective, then the
converse of the preceding theorem is not true, since U Q9L1(G) L 1(G) ~ Ue
for every L1(G)-module U ([6]; Th. 4.4). It is an open question whether
A-projectivity of A implies that A has an identity element.
2.15 THEOREM. Let A be a Banach algebra. Au is the Banach algebra
with identity (0, 1) containing A as a subalgebra, Let V be an essential
Au-module. Then V is in a natural wayan A-module and V is Au-projective
if and only if V is A-projective.
PROOF. Suppose V is Au-projective. Let X and Y be A-modules. Let
8 be an A-supermorphism from X to Y and let T be an A-multiplier
from V to Y. X and Yare essential Au-modules by defining (a, lX)X=
=ax+lXX, for all (a, lX) E Au and x E X (x E Y). Then 8 is an Au-super-
morphism from X to Y. V is an essential Au-module, so T is an A u-
multiplier. Hence there exists an Au-multiplier R from V to X such that
IITII~IIR[I and 8R=T. Obviously R is an A-multiplier. Thus, V is A-
projective. By 2.12 the converse is proved similarly.
2.16 COROLLARY. Au is A-projective.
2.17 THEOREM. Let A be a Banach algebra. Then for every A-module
V there exist a projective A-module Wand an A-supermorphism from
W to V. Hence every A-module is A-isomorphic to a quotient of a
projective A-module.
PROOF. Let V be an A-module. Then V is in a natural wayan essential
Au-module. By Th. 2.3 there exist a free Au-module Wand an Au-super-
morphism 8 from W to V. By restriction W is an A-module and by
Cor. 2.9 and Th. 2.15 W is A-projective. Obviously 8 is an A-super-
morphism from W to V.
2.18 THEOREM. Let A be a Banach algebra and let V be a left (right)
A-module. Then V is A-projective if and only if for any left (right)
A-module Wand for any A-supermorphism 8 from W to V there exists
an isometric A-multiplier I from V to W such that 81=idv.
PROOF. Necessity: See Th. 2.10.
Sufficiency: By Th. 2.17 there exist a projective A-module Wand an
A-supermorphism 8 from W to V. By our assumption there exists an
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isometric A-multiplier I from V to W such that 81=idv. Thus V is a
retract of W, and by Th. 2.7 V is A-projective.
3. INJECTIVE BANACH MODULES
3.1 DEFINITION. Let A be a Banach algebra. A left (right) A-module
V is said to be A-injective if for any left (right) A-module U and W,
for any isometric A-multiplier I from U to Wand for any A-multiplier
T from U to V, there exists an A-multiplier R from W to V such that
IIRII=IITII and Rl=T.
An equivalent formulation is: A left (right) A-module V is said to be
A-injective if for any left (right) A-module U and W, for any isometric
A-multiplier I from U to Wand for any A-multiplier T from U to V,
IITII.;;;; 1, there exists an A-multiplier R from W to V, IIRII.;;;; 1, such that
Rl = T which means that the diagram
u~V
1 ,,;ItI ,,/R/
W
is commutative.
The map R is called an extension of T.
3.2 THEOREM. Let A be a Banach algebra and let V be an A-module.
If V is A-projective, then V* is A-injective.
PROOF. Consider any diagram
T
U-V*II
W
in which I is an isometric A-multiplier and IITII <: 1. The adjoint map 1*
of I is an A -supermorphism from W* to U*. Let Ti denote the restriction
of T* to V and suppose V is A-projective. Then we can embed the diagram
(on the left)
W*
1*1
u*+-- VPi
into a commutative diagram (on the right).
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Let Rt denote the restriction of R* to W. IIRtIi < IIR*II = IIRII < 1. Then
the diagram below is commutative, so V* is A-injective.
Note. The converse of Th. 3.2 is in general not true: Loo(G) is L1(G)-
injective (Cor. 3.11) while L1(G) is not L1(G)-projective for non-discrete G
(Th. 4.14).
3.3 COROLLABY. A~ is A-injective.
We shall omit the proofs of the next two theorems because they are
similar to the proofs in the "projective" case (Th. 2.7 and Th. 2.8).
3.4 THEOREM. Let A be a Banach algebra. Then every retract of an
A-injective module is again A-injective.
3.5 THEOREM. Let A be a Banach algebra. Let (Vj)J be a family of
A-modules. Then the direct product, II Vi> of (Vj)J is A-injective if and
only if each Vj is A-injective.
3.6 DEFINITION. Let A be a Banach algebra, let V be an A-module
and let J be some set. B(J, V) will denote the direct product, II Vj, of
(Vj)J where Vj= V for all i E J.
Then B(J, V) is the A-module of all bounded functions from J into V,
provided with the supremum norm and with the module structure
(aQ)(j) =a(Q(j)) , for all aEA, QEB(J, V), jEJ.
By the preceding theorem we obtain
3.7 COROLLARY. Let A be a Banach algebra, let V be an A-module
and let J be some set. Then B(J, V) is A-injective if and only if V is
A-injective.
3.8 THEOREM. Let A be a Banach algebra and let V be an A-module.
Then there exists an injective A-module Wand an isometric A-multiplier
from V into W. We may choose W such that W =B(J, A~), for some
set J. Hence every A-module is A-isomorphic to a submodule of an
injective A-module.
PROOF. By Th. 2.17 there exist a set J and an A-supermorphism S
from L(J, Au) to V*. The adjoint operator S* of S is an isometric A-
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multiplier from V** to (L(J, A u))*. Identifying (L(J, A u))* and B(J, A:)
(see relation (1.2)) we have an isometric A-multiplier from V** to B(J, A:).
Embedding V in V** we obtain the present theorem.
As in the Banach space case we have:
3.9 THEOREM. Let A be a Banach algebra. Let V be a left (right)
A-module. Then the following conditions are equivalent:
(i) V is A-injective.
(ii) If U and Ware left (right) A-modules, if I is an isometric A-multiplier
from V to U and T is an A-multiplier from V to W, then there exists
an A-multiplier R from U to W such that IIRII=IITII and RI=T.
(iii) If U is a left (right) A-module and I is an isometric A-multiplier
from V to U, then there exists an A-multiplier P from U to V such
that IIPII.;;;;l and PI=idv.
PROOF. We are going to show the implications (i) => (ii) => (iii) => (i),
Suppose that V",. {O}.
Assume (i). Let U and W be A-modules. Let I be an isometric A-
multiplier from V to U and let T be an A-multiplier from V to W. V is
A-injective so there exists an A-multiplier P from U to V such that
IIPII = 1 and PI =idv. Now define the desired A-multiplier R from U to
W by R=TP. Then RI=TPI=T and
IIRII = IITPII <: IITII = IITPIII<:IITPII = IIRII·
Assume (ii) and consider an A-module U and an isometric A-multiplier
I from V to U. By (ii), there exists an A-multiplier R from U to V such
that IIRII = lIidvll = 1 and RI = idj-.
Now, assume (iii). Let U and W be A-modules. Let I be an isometric
A-multiplier from U to Wand let T be an A-multiplier from U to V.
By Th. 3.8 there exists an injective A-module X and an isometric A-
multiplier J from V to X. X is A-injective, so there exists an A-multiplier
R from W to X such that RI=JT and IIRII = IIJTII.
By (iii) there exists an A-multiplier P from X to V such that IIPII = 1
and PJ =idv. Now define the A-multiplier Q from W to V by Q=PR.
Then QI =PRI =PJT = T and IIQII = IIPRII <: IIRII = IIJTII <: IITII = IIQIII <: IIQII.
Hence V is A-injective.
3.10 THEOREM. Let A be a Banach algebra. Let V be a left (right)
A-module. Then the following conditions are equivalent:
(i) V* is A-injective.
(ii) If U and Ware right (left) A-modules and if I is an isometric A-
multiplier from U to W, then the tensor product mapping 10 idv
is an isometry from U 0.A. V to W ®.A. V.
(iii) If X and Yare left (right) A-modules, if S is an A-supermorphism
from X to Y and if T is an A-multiplier from V to Y then there
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is an A-multiplier R from V to X** such that 8**R=jyT and
IIRII = IITII. (Here ir is the embedding from Y into Y**).
PROOF. We are going to show the implications (i) => (ii) => (iii) => (i),
Assume (i). Let U and W be A-modules and let I be an isometric A-
multiplier from U to W. It follows from relation (1.1) that we may view
(I Q9 idv)* as a continuous linear map from Hom, (W, V*) to
Hom, (U, V*). We show that (I Q9 idv)* is a Q-supermorphism from
HomA (W, V*) to HomA (U, V*). Let T E HomA (U, V*). V* is A-injective,
so there exists R E Hom., (W, V*) such that IIRII = IITII and RI= T. But
then (I ® idv)* R = T, so (I Q9 idv)* is a Q-supermorphism, because
11(1 Q9 idv)*11 = III Q9 idvll<:: 1. Therefore I Q9 idv is an isometry.
Assume (ii). Let X and Y be A-modules. Let 8 be an A-supermorphism
from X to Y and let T be an A-multiplier from V to Y. 8* is an isometric
A-multiplier from y* to X*, so the tensor product mapping 8* Q9 idv is
an isometry from y* Q9A V to X* Q9A V. Hence (8* @ idv)* is a Q-super-
morphism from Hom, (V, X**) to Hom, (V, Y**). Therefore there exists
R E HomA (V, X**) such that (8* Q9 idv)*R=jyT and IIRII=lIjyTII=IITII.
But a straightforward computation shows (8* Q9 idv)*R=8**R.
Now, assume (iii). Let U and W be A-modules and let I be an isometric
A-multiplier from U to W. Let T be an A-multiplier from U to V*.
1* is an A -supermorphism from W* to U*. The restriction Tf of T* to
V is an A-multiplier from V to U*. So there exists an A-multiplier R
from V to W*** such that I***R=ju*Tf and IIRII= IITfJI. Now the desired
A-multiplier is Rt the restriction of R* to W. An easy computation
shows RU=T and IIRfl1 = IITII. Hence V* is A-injective.
3.11 COROLLARY. Let A be a Banach algebra with an approximate
identity. Since U Q9A A ~ U; for every A-module U ([6]; Th. 4.4), it
follows from the preceding theorem that A * is A-injective. Hence, if 8
is any set then B(8, A *) is A-injective. It follows that for a locally compact
group G, L1(G)* is L1(G)-injective. The right L1(G)-module L1(G)* may be
identified with L<;¥:)(G) with module multiplication is convolution on the
left by 1', for any / E L 1(G). Here I' is defined by 1'(8)=L1(8-1)/(8-1) , 8 E G,
where L1 is the modular function of G. From this it immediately follows
that the L1(G)-module L<;¥:)(G), where the module multiplication is the
usual convolution on the left, is L1(G)-injective.
In case the Banach algebra has an identity element, for essential
modules injectivity and the restricted notion of injectivity are the same.
The proof is similar to the proof in the "projective" case (Th. 2.12);
3.12 THEOREM. Let A be a Banach algebra with an identity element.
Let V be an essential left (right) A-module. Then V is A-injective if and
only if for any essential left (right) A-module U and W, for any isometric
264
A-multiplier I from U to Wand for any A-multiplier T from U to V,
there exists an A-multiplier R from W to V such that IIRII = IITII and
Rl=T.
By Semadeni's definition ([8]; 24.6.1) a Banach space V is an injective
object in the category of Banach spaces and linear contractions if and
only if for any closed subspace U of any Banach space W, any linear
contraction from U to V can be extended to a linear contraction from
W to V.
By taking A =Q in Th. 3.12 we get
3.13 COROLLARY. Let V be an essential Q-module (i.e, V is a Banach
space and the module multiplication is the scalar multiplication). Then
V is Q-injective if and only if V is an injective object in the category of
Banach spaces and linear contractions.
3.14 NOTE. (i) We know ([8]; 25.5.1) that a Banach space V is an
injective object in the category of Banach spaces and linear contractions
if and only if V !s Q-isomorphic to a Banach space O(X), where X is
compact and extremally disconnected.
(ii) From Grothendieck ([3]; Th. 1) we know that a Banach space V*
is an injective object in the category of Banach spaces and linear con-
tractions if and only if V is Cl-ieomorphic to some L 1(m), m a suitable
measure. This V is a projective object in this category if and only if m
is discrete ([3]; Prop. 2).
The proof of the next theorem is similar to the proof in the "projective"
case Th. 2.15:
3.15 THEOREM. Let A be a Banach algebra. Let V be an essential
Au-module. Then V is in a natural wayan A-module and V is Au-injective
if and only if V is A-injective.
We now show that every Banach module has an injective envelope.
The proof is deduced from D. Garling [1], who proved that every Banach
space has an injective envelope.
3.16 DEFINITIONS. Let A be a Banach algebra and let V be a left
(right) A-module.
A pair (I, U) is said to be an injective envelope of V if I is an isometric
A-multiplier from V into the A-injective left (right) module U and if
there is no A-injective proper submodule of U containing I(V). A pair
(I, U) is said to be an essential extension of V if I is an isometric A-
multiplier from V into the left (right) A-module U such that the following
is true: whenever T is an A-multiplier from U into a left (right) A-module
W such that IITII< 1 and TI is an isometry, then T is an isometry.
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3.17 THEOREM. Let A be a Banach algebra and let V be an A-module.
If (1, U) is an essential extension of V and if U is A-injective then (1, U)
is an injective envelope of V.
PROOF. Suppose there is an A-injective submodule Uo of U. Then
there is an A-multiplier P from U to Uosuch that P(uo)=Uo for all Uo E Uo
and IIPII < 1. But (1, U) is an essential extension of V, hence P is an
isometry and so U0 = U.
3.18 THEOREM. Let A be a Banach algebra. Every A-module has an
injective envelope.
PROOF. Let V be an A-module. By Th. 3.8 there exist an injective
A-module Wand an isometric A-multiplier i from V into W. Let X
denote the collection of submodules D of W which contain i( V) and such
that (i, D) is an essential extension of V. X may be partially ordered
by inclusion. If (OJ) is a chain in X, then the closure of U OJ is an element
of X. Thus, Zorn's lemma ensures that X possesses maximal elements.
We shall show that any such maximal element U is A-injective, so that
(i, U) is an injective envelope of V by Th. 3.17. By Th. 3.4 it is sufficient
to show that U is a retract of W. Let S denote the collection of seminorms
s on W satisfying:
(i) s(i(v)) = IIvll for all v E V,
(ii) s(w) < IIwll for all WE W,
(iii) s(aw) < Iialls(w) for all a E A, WE W.
An application of Zorn's lemma shows that under the natural ordering
S has at least one minimal element So. Let R be the submodule of W of
elements WE W such that so(w)= 0 and let q be the quotient mapping
of W into the completion K of the quotient space (WjR, so). q is clearly
an A-multiplier and IIqll< 1 because so(q(w))=so(w+R)<80(w)<lIwll for all
WE W. qi is an isometric A-multiplier, because
so(qi(v))=so(i(v)+R)= inf {so(i(v)+r): r E R};;;.
;;;. inf {so(i(v)) -so(r): r E R}=so(i(v)) = IIvll for all v E V.
Therefore the restriction of q to U is an isometric A-multiplier from U
to K, since (i, U) is an essential extension of V. Since W is A-injective,
there is an A-multiplier h from K to W such that (hq)(u)=u for all u E U
and Ilhll < 1. Let L denote the closure of h(K) in W. Assertion, (i, L) is
an essential extension of V:
Suppose that I is any A-multiplier from L into an A-module Y such
that Ii is an isometry and 1II1I < 1. Define s(w) = II(fhq)(w)1I for all WE W.
Then s E Sand 8<80; the minimality of So implies that 8=So. Hence I
is an isometry because 11/(hq(w))11 =so(w) ;>so(q(w));> Ilhq(w)1I for all WE W.
Thus (i, L) is an essential extension of V. But L:> h(K):> U, and U is
maximal, so that h(K) = U. Since hq is an A-multiplier from W to U,
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(hq)(u)=u, for all UE U, and Ilhqll<l, U is a retract of W. Hence U is
A-injective and so (i, U) is an injective envelope of V.
From the preceding proof and Th. 3.17 it follows:
3.19 COROLLARY. Let A be a Banach algebra, let U and V be A-modules
and let I be an isometric A-multiplier from V to U. Then (I, U) is an
injective envelope of V if and only if U is A-injective and (I, U) is an
essential extension of V.
Now the uniqueness of the injective envelope.
3.20 THEOREM. Let A be a Banach algebra and let V be an A-module.
If (I, U) and (J, W) are injective envelopes of V, then there is an A-
isomorphism E from U to W such that E1 =J.
PROOF. W is A-injective, so there exists an A-multiplier E from U to
W such that E1 = J and IIEII <;; 1. (I, U) is an essential extension of V
so E is an isometry. E(U) is an injective A-module and J(V) C E(U) C W.
(J, W) is an injective envelope of V so E(U) = W; i.e., E is a surjection.
4. INJECTIVE AND PROJECTIVE L1(G)-MODULES
In this section G is an arbitrary locally compact group. All the module
multiplications are denoted by *. q denotes a continuous character of G.
L 1(G)u is the Banach algebra with identity (0, I), containing L 1(G) as a
subalgebra.
Suppose the Banach space, 0, of the complex numbers is a non-trivial
L1(G)-module. Then the map I -)- I * I is an algebra homomorphism from
L 1(G) to O. So there exists a continuous character q of G such that
I * 0(, = (jG fg.d)')O(" for all IE L 1(G), 0(, EO.
4.1 DEFINITION. For a continuous character q of G we define the
L1(G)-module Oq as the Banach space 0 with the module multiplication
(f, 0(,) ~ (jG lijd)')O(, from L 1(G) x 0 to O.
Obviously, Oq is an essential left and right L1(G)-module.
4.2 THEOREM. Oq is L1(G)-projective if and only if G is compact.
PROOF. There exists an L1(G)-supermorphism S from L 1(G) to Qq,
namely S(f) = jG lijd)' for all I E L 1(G).
If G is non-compact, then there is no isometric L1(G)-multiplier from
Oq to L 1(G). Thus by Th. 2.18 Oq is not L1(G)-projective.
Now assume G is compact. Then the map I defined by 1(0(,) = (O(,q, 0),
0(, Eq" is an isometric L1(G)-multiplier from Oq to L 1(G)u. The map P
defined by P(f, 0(,)= jG lijd),+O(" (f, 0(,) E 4(G)u, is an L1(G)-multiplier from
L 1(G)u toOq. Moreover IIPII=l and PI = idcq •
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Hence O, is a retract of k(G)u. k(G)u is L1(G)-projective (Cor. 2.16),
so Qq is L1(G)-projective .
4.3 DEFINITION. Let V be an k(G)-module. Then Vq will denote the
essential submodule
4.4 DEFINITION. A locally compact group G is said to be amenable if
there exists ME Loo(G)* such that M(f * h) = (fG fd)')M(h) for all f E L1(G),
hELoo(G), M(I)=1 and IIMII=1.
4.5 THEOREM. Qq is L1(G)-injective if and only if G is amenable.
PROOF. Assume G is amenable. Let 1 be an isometric k(G)-multiplier
from q, into an L1(G)-module V. Let VI =1(1). Then VI E Vq and IIvIl1 = 1.
By the Hahn-Banach Theorem there exists P E (Vq )* such that IIPII = 1
and P(VI) = 1. It follows from ([2]; ) that there exists S E (V*)q such
that IISII = 1 and S(VI) = 1. Thus S1 =idcq • Hence Qq is L1(G)-injective
(Th. 3.9).
Now aseume O, is L1(G)-injective. Let 1 be the isometric k(G)-multiplier
from Qq to Loo(G) defined by 1(1X)=lXq, IX EQg. Qq is k(G)-injective, so
there exists an L1(G)-multiplier P from Loo(G) to Qq such that IIP!I = 1
and P(q) = 1. Define M(h) =P(hq), for all hE Loo(G). Then ME Loo(G)*,
M(I) = 1 and IIM II< 1. Moreover if f E k(G) and hE Loo(G) then
M(f * h) =P((f * h)q) =P(fq * hq) = (fG fqijd).)P(hq) = (fG fd)')M(h)
By Def. 4.4 G is amenable.
However, for any G the trivial L1(G)-module Qo is not k(G)-injective:
4.6 THEOREM. Let V be a trivial L1(G)-module, i.e. f * v=O, for all
f E L1(G), V E V. If V =f- {O}, then V is not L1(G)-injective.
PROOF. Suppose that V =f- {O}. Let W be the vector space V x V. W is
an L1(G)-module if we define !I(x, y)1I = max {llxll, Ilx+YII}, for all (x, y) E W,
and f * (x, y) = ((JG fd)')x, 0) for all f E L1(G), (x, y) E W. The map 1 from
V into W defined by I(v) = (0, v) is an isometric L1(G)-multiplier. If P
is an k(G)-multiplier from W to V such that PI=idv then P(x,y)=y
for all (x, y) E W. But IIPII > 1, because sup {IIYII: all (x, y) E W with
lI(x,Y)II=I}=2. Hence by Th. 3.9 V is not L1(G)-injective.
From Th. 3.2 it follows:
4.7 COROLLARY. Let V be a trivial L1(G)-module. If V =f- {O}, then V
is not L1(G)-projective.
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4.8 THEOREM. Let V be an L1(G)-injective module. Then VIVo is
L1(G)-injective.
PROOF. It is easy to see that v -+ v+ Vois an isometric L1(G)-multiplier
from Ve to VIVo. V is L1(G)-injective, so there exists an L1(G)-multiplier
T from VIVo to V such that T(v+Vo)=v for all VEVe and IITII<1.
Let W be an L1(G)-module and let I be an isometric L1(G)-multiplier
from VIVo to W. V is L1(G)-injective, so there is an L1(G)-multiplier 8
from W to V such that 11811 = IITil and 81 =T. Let Q be the quotient map
from V to VIVo. Let P=Q8. Then P is an k(G)-multiplier from W to
VIVo. We show that PI =idvlvo' If v E V then
(PI)(v+ Vo)=(Q8I)(v+ Vo)=(QT)(v+ Vo)=(T(v+ Vo))+ Vo=
=v+ Yo,
since for IE L 1(G),
1* (T(v+ Vo)-v)=T(f * v+ Vo)-I * v=1 * v-I * v=o.
Moreover IIPII< 1. By Th. 3.9 VIVo is L1(G)-injective.
Now we may ask for the L1(G)-injective envelope of 00. From Cor. 3.3
and Cor. 3.11 we know that L1(G): and Loo(G) are L1(G)-injective. An
easy computation shows that the right L1(G)-module L 1(G): is the direct
product of the Banach spaces Loo(G) and 0 with module multiplication
1* (h, lX) = (I' * h, Sa hid)"), for all IE L1(G), hELoo(G), lX EO. Let Loo(G) xO
denote the right L1(G)-module L1(G):. Let I be the map defined by
I(lX) = (0, lX) from 00into Loo(G) xO. Then I is an isometric L1(G)-multiplier.
Using this we have:
4.9 THEOREM. (I, Loo(G) xO) is the L1(G)-injective envelope of 00.
PROOF. Let Uo be an L1(G)-injective submodule of Loo(G)xO con-
taining 1(00). Then there exists a submodule V of Loo(G) such that
Uo= VxO, i.e. Uo is the direct product of the Banach spaces V and 0
with module multiplication I * (v, lX) = (I' * v, Sa vld)") for all IE L1(G),
v E V, lX EO. Moreover there exists an A-multiplier P from Loo(G) xO to
VxO such that IIPII= 1 and Pih, lX)=(h, lX), for all hE V, lX EO. Now let
b be some fixed non-zero element of Loo(G). Then there exist hI E V and
lXh EO such that Pth, 0)= (hl, lXh) and so Pth, lX)=(h1, lXh+lX) for all lX EO.
Suppose lXh#O. Let nE1} such that (n-l)llXhl<2I1hll<nllXhl. Let
lX = (n-l)lXh. Then
211hll <nllXhl <: max {lIhlll, nllXhl}= IIP(h, lX)1I <: max {llhll, IlXl}<2I1hll·
Therefore lXh = o. If I E L 1(G) and lX E 0 then
(I' * hI, Sa h1/d)") = I * (hI, lX) = I * P(h, lX) =
=P(I' * h, Sa hid)") = ((I' * hh, Sa hid),,).
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Hence for all IEL1(G) we have fa h1/d).= fa hid).. Thus h1=h, V = Loo(G)
and Uo=Loo(G) xQ.
An L1(G)-module is in a natural wayan essential Q-module. It follows
from Th. 4.6 that there exist Q-injective L1(G)-modules which are not
L1(G)-injective. However we do have the following:
4.10 THEOREM. Every L1(G)-injective L1(G)-module is Q-injective.
PROOF. Suppose V is an L1(G)-injective L1(G)-module. Let X and Y
be Banach spaces, let I be an isometry from X to Y and let T be a
continuous linear map from X to V. We make a map R from Y to V
such that R1 = T and IIRII = IITII. From Th. 3.8 it follows that there exist
a set J and an isometric L1(G)-multiplier E from V into B(J, L 1(G):).
V is L1(G)-injective, hence there exists an L1(G)-multiplier P from
B(J, L 1(G):) to V such that PE =idv and IIPII <: 1. Loo(G) (see 3.14 (ii))
and Q are Q-injective. Thus L 1(G): and B(J, L 1(G):) are Q-injective
(Th. 3.5). Hence there exists a continuous linear map Q from Y to
B(J, L1(G):) such that Q1=ET and IIQII = IIETII. R=PQ has the desired
property, because R is a continuous linear map from Y to V, R1 =PQ1 =
=PET=T and IITII=IIR111<IIRII=IIPQII<:IIQII=IIETII<IITII. Thus V is
Q-injective.
From Th. 3.2, Cor. 3.13, Note 3.14 and Th. 4.10 it follows:
4.11 COROLLARY. Every L1(G)-injective L1(G)-module is Q-isomorphic
to a space O(X), X being an extremally disconnected compact space.
Every L1(G)-projective L1(G)-module is Q-isomorphic to a space L 1(m ),
m a suitable measure.
From Cor. 4.11 it follows:
4.12 COROLLARY. Every reflexive L1(G)-injective L1(G)-module is finite-
dimensional. Also, every reflexive L1(G)-projective L1(G)-module is finite-
dimensional.
4.13 THEOREM. Let G be an infinite locally compact group. Then Lp(G),
1<P < 00, M(G),Oru(G) and Oo(G) are not L1(G)-injective. (I, Loo(G)) is
the L1(G)-injective envelope of Oo(G) and of Oru(G), I being the embedding
of Oo(G) and of Oru(G) in Loo(G), respectively.
PROOF. Lp(G), 1<p<oo, is not Ll(G)-injective because Lp(G) is a
reflexive Banach space but not finite-dimensional.
If G is not discrete, then L 1(G) is not L1(G)-injective, because there
is no L1(G)-multiplier P from M(G) onto L1(G) such that pZ=P. M(G)
is not L1(G)-injective, because M(G) is not Q-isomorphic to any O(X),
X compact. To see this, consider the extremal points of the closed unit
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balls and remark that the distance of two linearly independent extremal
points of the closed unit ball of M(G) is always 2.
We now show that (I, Loo(G)) is the L1(G)-injective envelope of Oo(G).
Let e be the unit element of G. Suppose there is an L1(G)-injective sub-
module U of Loo(G) containing Oo(G). Then there exists an L1(G)-multiplier
Pfrom Loo(G) onto U such that pZ=P and IIPII=1. Pis anL1(G)-multiplier
from Loo(G) to Loo(G), so there exists T E Oru(G)* ([4]; Th. 4.4) such that
IITil = 1 and SGP(h)ld).=T(1' * h), for all h e Loo(G), I EL1(G). If we prove
that T(k) = k(e), for all k E Oru(G) then
SGP(h)/d)' = T(I' * h) = (I' * h)(e)= SG hid)',
for all h ELoo(G), I EL1(G). Thus P(h) =h for all h ELoo(G), and U =Loo(G).
(i) If j EOo(G) then there are IE L 1(G) and h e Oo(G) such that j = I' *h
so T(j) = T(I' * h) = SGP(h)ld)' = SGhid)' = (I' * h)(e)= j(e).
(ii) Let k E Oru(G) such that k:>O and IIkll=k(e). Let j1 E Oo(G) such
thatj1(e)=-2 and Ilj1+ 11100 = 1. Then
IT(k) - 2k(e)1 = IT(k+kj1)1, IIk+kj11100< IIkll =k(e).
Moreover jT(k)j , Ilkll = k(e), so T(k) = k(e).
(iii) Let kEOru(G) such that k » O. Choose jz E Oo(G) such that jz(e) = 1
and O,jz , 1. Letja= (2I1kll+k(e)-k)jz. Thenja E Oo(G) andja :>O. If S E G
then
ja(e) + k(e)= 211kll + k(e)= 211kll + k(e)-k(s) + k(s) :>
;> (211kll + k(e)- k(s»jz(s) + k(s)=ja(s) + k(s).
By step (ii) we have T(ja+k) = j a(e)+k(e). Therefore T(k) =k(e).
(iv) Let k E Oru(G). Then k is a finite sum of positive elements of
Oru(G), so T(k) = k(e).
It follows that if I is the embedding of Oo(G) in Loo(G) then (I, Loo(G»
is the L1(G)-injective envelope of Oo(G) and so obviously of Oru(G).
4.14 THEOREM. (i) Let G be an infinite locally compact group. Then
Lp(G), 1<P , 00, Oru(G) and Oo(G) are not L1(G)-projective.
(ii) M(G) and L 1(G) are L1(G)-projective if and only if G is discrete.
PROOF. (i) Lp(G), 1<P < 00, is not L1(G)-projective because it is an
infinite-dimensional reflexive Banach space. Loo(G), Oru(G) and Oo(G) are
not L1(G)-projective because their dual spaces are not Q-isomorphic to
any O(X), X being compact . To see this, use the same arguments as in
the preceding theorem.
(ii) Now consider 4(G) and M(G). If G is discrete, then the Banach
algebra L 1(G) has a unit element, so L 1(G) and M(G) are L1(G)-projective.
Now suppose Gis non-discrete. By Th. 2.3 there exist a setJ, J ={jEL1(G):
IIjll = I}, and an 4(G)u-supermorphism S from L(J, L 1(G)u) to L 1(G),
defined by S(q) = .~> q(j) * j. Assume L 1(G) is L1(G)-projective. Then
L 1(G) is L1(G)u-projective (Th. 2.15), so by Th. 2.18 there exists an
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isometric L1(G)u-multiplier I from L1(G) to L(J, L1(G)u) such that
81 =idL 1(G) . For j E J, let Pi be the projection of L(J, L1(G)u) onto L1(G)u.
Then PiI is an L1(G)-multiplier from L 1(G) to Ll(G), so there is an
fJ1 E M(G) such that (PiIHI) = I * !Ji, for all IE L1(G). If IE L1(G), then
1= 8(1/) = ~> ((If)j) *j = ~> (f * fJ1) *j and 1III1 = 111/11 = ~> III * fJ111. Let
(ea)D be an approximate identity for L1(G) and let Jo be a finite subset
of J. Then
!.To 11fJ111 = !.To lima Ilea * !Jill" lima .~>o Ilea * !JII < 1.
Hence !.T 11fJ1 *jll < !.T 1IfJ111 < 1. Therefore, there exists g E L1(G) such that
g= !.T!Ji*j and so 1= 2JI*(!Ji*j)=I*g for all IEL1(G).
However, this contradicts the assumption that G is non-discrete. Hence
L 1(G) is not k(G)-projective.
A similar proof is valid for M(G).
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